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Advance in diagnostics for high-temperature plasmas based on the analytical result
for the ion dynamical broadening of hydrogen spectral lines
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It is well known that the ion dynamics is very important for Stark broadening of spectral lines in high-T
plasmas. However, it is usually assumed that with the increase of the plasma densityN and/or of the principal
quantum numbern of the upper level of the radiator, the ionic contribution to the impact width~ICIW! tends
to zero. In distinction to that paradigm, by finding an analytical result for the ion dynamical broadening of
hydrogen spectral lines, we show here that with the increase ofN and/or n, the ICIW does not decrease.
Moreover, for practically important ranges ofT, N, andn, this ‘‘residual’’ ICIW, being virtually independent
of n, can be comparable to the standard electron impact width. This result leads to:~i! a substantial revision of
the past of diagnostic conclusions for a variety of high-T plasma experiments;~ii ! a much better possibility to
deduce from experimental, Stark-broadened line profiles not only the plasma density but also the plasma
temperature;~iii ! a significant enhancement of the accuracy ofN and T obtained from experimental line
profiles; and~iv! a substantial revision of simulation models for the ion dynamical contribution that were based
on a wrong assumption that the latter vanishes under increasingN and/orn. The consequences are especially
important for tokamak plasmas, where the diagnostics based on experimental profiles of high Balmer and
Paschen lines is frequently used.@S1063-651X~99!50209-2#

PACS number~s!: 52.70.Kz, 52.55.Fa, 32.70.Jz
o
st

th
s
e
in

no
s
o

ly
y

a
th
o

h

re
-
he
e

al
es

an

ro

po-
the
te

o

m-
lar
lly
re

he

nd

the

-

be-

nd
I. INTRODUCTION

Experimental profiles of high Balmer and Paschen lines
hydrogen and deuterium are used nowadays for diagno
of tokamak plasmas@1,2#. Up till now, the theory of Stark
broadening, employed in the diagnostics for deducing
electron densityNe from the experimental profiles, wa
based primarily on the quasistatic treatment of the broad
ing by ions~while the electron broadening was calculated
the impact approximation! @1–3#.

This is not to say that the role of the ion dynamics was
recognized. It is well known by now that the ion dynamic
generally speaking, is very important for Stark broadening
spectral lines in high-T plasmas. However, it was usual
assumed that with the increase of the plasma densitN
and/or of the principal quantum number~PQN! n of the up-
per level of the radiator, the ion dynamics becomes less
less important and the ionic contribution to the impact wid
~ICIW! tends to zero. Therefore, even the application
codes based on simulation models for ion dynamics, suc
the frequency fluctuation model~FFM!, for calculating pro-
files of high Balmer lines emitted by tokamak plasmas,
sulted only in minor corrections@4# to the results of the stan
dard theories~ST!. Here and below, by the ST we mean t
approaches@5,6#, where the ion broadening was assum
quasistatic.

In distinction to that paradigm, by finding an analytic
result for the ion dynamical broadening of hydrogen lin
we show here that with the increase ofN and/orn, the ICIW
does not decrease. Moreover, for practically import
ranges ofT, N, andn, this ‘‘residual’’ ICIW, being virtually
independent ofn, can be comparable to the standard elect
impact width.

II. OUTLINE OF THE DERIVATION

The derivation proceeds from our generalized theory~GT!
of Stark broadening of hydrogen lines in plasmas@7#. The
PRE 601063-651X/99/60~3!/2480~4!/$15.00
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GT is based on the nonperturbative treatment of one com
nent of the field caused by charged particles passing by
radiator. Therefore, the GT is intrinsically more accura
than the fully perturbative ST@5,6#; see, e.g.,@8#.

Analytical results of the GT depend on the ratio of tw
characteristic impact parameters; Weisskopf radiusW
5Zin

2\/(mev) and mean interperturber distanceD
5@3/(4pN)#1/3. Here v is the perturber velocity,N is the
perturber density,Zi is the perturber charge, andn is the
PQN of the radiator.

Typically, for the electron broadening the ratioD/W@1.
Physically this means that most of the electrons are ‘‘i
pact’’ ~i.e., cause the impact broadening of the particu
hydrogen line!. For the ion broadening, one finds usua
D/W!1, which means physically that most of the ions a
not impact. However, there is a~tiny! minority of ions that
cause some impact broadening of the line.

We applied the GT formalism to the ion broadening in t
limit D!W, by using the following features of the GT:~i!
the impact width generally consists of the adiabatic a
nonadiabatic terms~as defined in@7#!; however, in the limit
D!W the nonadiabatic term becomes much smaller than
adiabatic term and can be neglected;~ii ! the remaining adia-
batic term, obtained in@7# nonperturbatively, does not de
pend on any external static electric field@see Eqs.~48!–~52!
from @7##; moreover, in the limitD!W, it does not depend
any more on the parabolic quantum numbers and thus
comes spherically symmetric. Therefore, in the limitD!W,
the GT formalism can be applied to the ion broadening a
yields the ICIW g i described by the following, relatively
simple expression:

g i5~3pNe /Zi !
1/3@8T/~pm!#1/2

'3.29903106@Ne~cm23!/Zi #
1/3@T~eV!M p /m#1/2.

~1!
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Herem is the reduced mass of the perturber-radiator pair,M p
is the proton mass.

In the ST, with the increase of the effective PQNneff
[(n21n2n822n8)1/2, the ICIW reaches the maximum an
then rapidly diminishes to zero~whereneff;n at n@n8). In
distinction to this, in the GT, asneff increases, the ICIW
saturates at the above valueg i independent ofn andn8.

III. PHYSICAL INTERPRETATION AND JUSTIFICATION

These analytical results can be easily understood in ph
cal terms. It is well known that the impact width can b
estimated asg i;Nv is, wheres is the ‘‘optical cross sec-
tion.’’ It is the effective cross-section for virtual transition
~between the states of the same multiplet! that lead to the
broadening of the spectral line. In the conventional case
W!D, the cross section is determined by the Weissk
radius s;W2}v i

22 , so that g i}N/Ó i}N/T1/2. However,
for sufficiently high densities, the mean interperturber d
tance becomes smaller than the Weisskopf radius. In
case the cross section is controlled by the mean inter
turber distance:s;D2}N22/3. Therefore, the impact width
becomes as follows:g i;Nv iD

2}T1/2N1/3.
Let us now discuss some conceptual issues to justify

above results. The adiabatic impact term in the GT was
culated in the spirit of the ‘‘old adiabatic theory’’~see, e.g.,
@9#! but with the vector summation of the contributions fro
the individual perturbers~in distinction to the scalar summa
tion in the impact approximation of the old adiabatic theor!.
The adiabatic broadening theory reproduces in a uni
fashion both the impact and the quasistatic parts of the
relation functionC(t). In our case ofD!W, the impact part
of C(t) corresponds tot<D/v i , while the quastatic part o
theC(t) corresponds toD/v i<t<W/v i . So the impact and
quasistatic regimes are characterized by significantly dif
ent interaction volumesVimp8 andVqs8 ~the interaction volume,
also known as ‘‘collision volume,’’ is one of the central co
cepts of the adiabatic broadening theory!. Indeed, in the case
of D!W, we haveVimp8 ;D3!Vqs8 ;W3.

Consequently, first quasistatic ions outnumber imp
ions by the factor ofW3/D3@1, so that the impact ions
constitute indeed a tiny minority. Second, the number of
pact ions in the corresponding interaction volume isNiVimp8
;1, so that the applicability of the binary impact approx
mation is not violated.

Finally, to employ the impact approximation, one shou
be able to introduce a coarse-grain time scale dealing w
time intervalsDt such thatg i,(Dt)21,V, whereg i is the
resultant ion impact width,V is the rms value of the fre
quency of any Cartesian componentEcomp(t) of the ion-
produced electric field. For an individual passage of the p
turber by the radiator, we first calculated analytically t
Fourier transformF(v) of the time dependenceEcomp(t)
and then averagedv2 over F(v). We have found that the
even ~with respect tov) part of F(v), which controls the
subsequent average, isFeven(v)5uvur2K1(uvur/v)/(pv2),
where K1(x) is the modified Bessel function. Usin
Feven(v), we obtained the frequencyV5v rms531/2v/r.
This result is more precise than the conventional, orde
magnitude estimate of a ‘‘typical’’ frequency of the ion m
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crofield ;v/r. At last, we determined the cutoffrmax, in-
volved in the calculation ofg i(rmax), from the requirement:
g i(rmax),V(r) for r,rmax. Thus the result presented b
Eq. ~1! is derived in compliance with the physical basis
the impact approximation.

IV. DISCUSSION OF DIAGNOSTIC CONSEQUENCES

We have derived an analytical expression for the ion
namical contribution to the width of hydrogen lines in th
limit of high densitiesN and/or high PQNn. It should be
emphasized that we have obtained anonperturbativeanalyti-
cal result for the ion dynamical broadening.

Let us now focus at the consequences for the diagnos
of tokamak plasmas employing high Balmer and Pasc
lines. The ST yields the full width at half maximum
~FWHM! of a highly excited hydrogen lines in the form

Dl1/2
high'Ae~n,n8!Ne /Te

1/21Bi~n,n8!Ns
2/3, ~2!

where the termAe(n,n8)Ne /Te
1/2[Dle is due to electrons

and the termBi(n,n8)Ne
2/3[Dl i is due to the ions. Here the

coefficientB does not depend on the temperature or on
density, but strongly depends on the PQN@see e.g., Eq.~3!
from @1# or Eq. ~3! from @10#; the coefficientA has only a
very weak, logarithmic dependence ofNe andTe .

Our theory, being intrinsically more accurate than t
standard theory, yields significantly different results. Fir
for high Balmer lines, the ICIW does not depend on t
principal quantum numbern, but strongly depends on th
temperature (}Ti

1/2). Second, for highly excited hydroge
lines near the limit of the spectral series, the total~electronic
plus ionic! impact width significantly exceeds the quasista
splitting ~produced by the majority of ions!. Therefore, the
line profiles correspond to the regime of merged~collapsed!
Stark components@11# and the quasistatic contribution from
ions has practically no effect on the FWHM:

Dl1/2
high'Ae~n,n8!Ne /Te

1/21CiTi
1/2Ni

1/3, ~3!

where the coefficientCi does not depend on the PQNn, as
follows from Eq.~1!.

It is interesting to note that for low Balmer and Pasch
lines, the majority of perturbing ions produce the impa
broadening. In this case, the ionic contribution to the FWH
predominates:

Dl1/2
low'Ae~n,n8!Ne /Te

1/21Ai~n,n8!Ni /Ti
1/2

'Ai~n,n8!Ni /Ti
1/2, ~4!

sinceAi /Ae;(mi /me)
1/2@1. Therefore, in the reality, there

is virtually no practical range of PQN where the ion qua
tatic term Bi(n,n8)Ne

2/3 could enter the FWHM: with the
increase ofn, the FWHM gradually transforms from alinear
dependence on the density@see Eq.~4!# to a quasilinearde-
pendence on the density@see Eq.~3!#.

An interpolative formulas for the ionic contribution to th
FWHM, that incorporates both ionic limits contained in Eq
~3! and~4! and is therefore valid for a broad range of den
ties, can be expressed as follows:
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Dl i5lnn8
2

~pc!21$12exp@2~CiTi !
21Ai~n,n8!

3~Ne /Ncr!
2/3#%g i . ~5!

Here g i is given by Eq.~1! and the critical densityNcr has
the form

Ncr5~9/p!Zi
22neff

26~me /\!3~Ti /m!3/2

'1.730931018 cm23Zi
22neff

26@T~eV!M p /m#3/2, ~6!

where the effective PQNneff is defined as

neff[~n21n2n822n8!1/2. ~7!

In Eq. ~5!, lnn8 is the unperturbed wavelength of a hydrog
line, corresponding to the radiative transition from the up
level n to the lower leveln8. At relatively low densities,
keeping the first two terms of the Taylor expansion of t
exponential in Eq.~5!, we retrieve the primary term of Eq
~4!; at relatively large densities, the exponential in Eq.~5!
vanishes, and Eq.~5! reduces to the second term of Eq.~3!.

The coefficientAe in the electronic contribution to the
FWHM Dle can be reliably obtained as follows. First, o
GT @7# applied to the electron broadening produces res
that are more accurate than the ST. Second, it was show
@12# that in the regime of merged~collapsed! Stark compo-
nents, the electron broadened profiles of all hydrogen li
are Lorentzian. Thus, combining the results of the GT@7,8#
and of Ref.@12#, the coefficientAe(n,n8) can be represente
in the form

Ae~n,n8!5lnn8
2

~pc!213~2p!1/2gnn8\
2me

23/2$1.1

1 ln@Tegnn8
21/2\21/„4pe2Ne /me

1~6.3n\Zi
1/3Ne

2/3/me!
2
…

1/2#%, ~8!

where

gnn8[~n22n82!22n22n82. ~9!

Equation~8! differs from the result of Ref.@12# in two ways:
first, it contains the exact value 1.1 of what the ST would c
‘‘strong collision constant;’’ second, it allows for the ion
caused Stark splitting represented by the te
6.3n\Zi

1/3Ne
2/3/me . All formulas are given in the CGS units

except the second lines of Eqs.~1!, ~6!, and Eqs.~10!–~14!
below.

To enhance the accuracy of our results, we also ana
cally calculated the ion quasistatic correction to the FWH
as follows. First, we calculated the correction at a fixed va
of the ion microfieldF. This was done by taking the well
known starting formula for the line shape of a hydrogen l
subjected simultaneously to a impact broadening and
static electric field~see, e.g.,@9#! and expanding it analyti-
cally near the pure impact limit. Second, we averaged
correction over the Holtsmark distribution@13# of field F.
@We note that highly excited lines can be observed only
relatively low densities, where the Holtsmark distribution
valid; see, e.g.,@9#.! The resulting final formula for the
FWHM has the form
r

ts
in
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ti-
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e

a

e

t

FWHM~Å!

5DlL~Å!1@0.94761

310219Zi
3/2Nen

6n86/~n22n82!3/2#/@DlL~Å!#1/2.

~10!

Here the Lorentzian contributionDlL to the FWHM is given
by the following practical formula:

DlL5Dle1Dl i , ~11!

Dle~Å!52.1200310220n4n84~n22n82!22gnn8NeT
21/2

3$11 ln@1.519231015Tgnn8
21/2

~3.1826

3109Ne153.2n2Zi
2/3Ne

4/3!21/2#%, ~12!

Dl i~Å!5 f ~T!~Ne /Ncr!
1/3

3†12exp„29pZignn8@2 f ~T!neff
2 #21

3$11 ln@116.28473108~T/Zi !

3~Negnn8m/M p!1/2#%~Ne /Ncr!
2/3
…‡, ~13!

f ~T!50.34941@n4n84/~n22n82!2#TMp /@mZineff
2 #,

~14!

whereNcr , neff , andgnn8 are given by Eqs.~6!, ~7!, and~9!.
In all of the above practical formulas, the electron densityNe
is in cm23, the temperatureT is in eV. The validity condition
of the above formulas consists of the requirement that
second term in Eq.~10! should remain smaller than the firs
term.

As an illustration, we apply our analytical results to th
interpretation of the widths of the high-n Balmer lines mea-
sured at the tokamak Alcator C-Mod@1,2#. In Ref. @1# ex-
perimental profiles of the deuterium Balmer linesD8 , D9 ,
D10, andD11 were shown in Fig. 3 and their Stark width
~FWHM! were deconvolved to be 4.9, 5.9, 7.5, and 9.6

FIG. 1. The ratio of the Stark widthsDln11 /Dln of the adja-
cent Balmer lines vs the principal quantum numbern: diamonds,
theoretical results based on the Kepple-Griem’s code~presented in
@1,2#!; crosses, our theoretical results; squares, the experimenta
sults @1,2#.
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respectively. Then Griem, the leading theoretical coautho
Ref. @1#, by using the Kepple-Griem’s code@5#, found that
these Stark widths correspond to the electron densities
5.6, 5.3, and 5.631014 cm23.

We note that the Kepple-Griem’s code does not allow
the ion dynamics. Consequently, the width produced by th
code have a relatively weak temperature dependence. Th
fore, Griem was not able to deduce the temperature from
experimental widths based on that code. Instead, he assu
the temperature to beT54 eV.

In distinction to this, our analytical results for the width
accurately incorporate the ion dynamics and, therefore,
much more sensitive to the temperature than the Kep
Griem’s code. Thus, while analyzing the same experime
widths, we were able to derive both the densityNe56.6
31014 cm23 and the temperatureT57.7 eV. It should be
emphasized, that atT57.7 eV we obtained the same valu
of Ne56.631014 cm23 from each Balmer line individually.

To further demonstrate the superior quality of our theo
we calculated the ratios of Stark widthsDln11/Dln of the
adjacent Balmer lines and compared them with both the
perimental results@1,2# and the Griem’s theoretical resul
~presented in@1,2#!. The idea behind calculating these rati
is that they should be less sensitive to the electron den
than the widths of the individual lines. Therefore, the rat
.
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are conventionally considered as a tool for evaluating
intrinsic self-consistency of a particular theory.

The comparison is presented in Fig. 1. It turns out that
rms deviation of our ratios from the experimental ratios
almost four times smaller than for the Griem’s ratios. Th
while a relatively small scatter of densities deduced
Griem from different lines was not alarming, the ratios
widths really demonstrate a dramatic difference in the s
consistency of the two theories.

In summary, the results presented in this paper sho
lead to:~a! a substantial revision of the past diagnostic co
clusions for a variety of plasma experiments, especially th
dealing with highly excited hydrogen lines from the edge a
divertor regions of tokamaks;~b! a much better possibility to
deduce from experimental line widthsnot only the plasma
density but also the plasma temperature; ~c! a significant
enhancement of the accuracy of the density and the temp
ture obtained from the experimental line profiles;~d! a sub-
stantial revision of simulation models for the ion dynamic
contribution that were based on a wrong assumption that
latter vanishes under increasingN and/orn.
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